The gas drag effect in the primordial solar nebula on the motion of a solid body, ranging from a large planetesimal to a small dust grain, is investigated. For a planetesimal, expressions for the short-term variation of the semi-major axis, the eccentricity and inclination are obtained using a perturbation method and a realistic formula for the gas drag force.
According to recent theories of the origin of the solar system, 1 )-4 ) we can consider that the planetary system has been formed in a primordial solar nebula through the following four-stage process. First, dust grains growing in the solar nebula sink towards the equatorial plane of the nebula, and consequently, a thin dust layer is formed. Second, as a result of gravitational instability of the dust layer, planetesimals with mass of the order of 10 19 g or less are formed. Third, the planetesimals moving in the solar nebula collide mutually and by sticking a part of them grow to a small number of massive bodies with mass of the order of 10 25 or 10 26 g (which are called proto planets). Finally, each of the proto planets with large gravity grows to a planet or a core of a planet through the capture of survived planetesimals within a sphere of its gravitational influence (i.e., the Hill sphere).
In the last stage mentioned above, the sun and one of the protoplanets have the greatest influence on the motion of planetesimals which is to be captured by the protoplanet concerned. Then, the motion of a planetesimal (hereafter to be called a particle) is approximately described by a solution to the Restricted Threebody Problem. If we adopt a rotating frame of reference in which both the sun and the protoplanet are at rest, there exists an energy integral (known as the Jacobi constant) for a particle in the Restricted Three-Body Problem. A schematic potential curve for a particle on the line passing through the sun and the protoplanet is illustrated in Fig. 1 .
It will be seen in Fig. 1 that particles with energy greater than the critical energy E 0 can enter the Hill sphere directly, but those with smaller energy cannot \ Sun Protoplanet enter the Hill sphere without the influence of perturbative forces. As these perturbations, the gravitational encounter with other particles and also the gas drag force on the particles are most important; in a long period of time some particles lose energy and others gain energy as shown in Fig. 1 .
In regions far from the protoplanet under consideration, a particle is nearly in Keplerian motion with the semi-major axis a, the eccentricity e and the inclination z. There exists, in general, a relative motion between a particle and the gas of the rotating solar nebula. Through the gas friction, all of the orbital elements, e, i and a of the particle decrease with time gradually and consequently, the particle spirals towards the sun if the effects of the protoplanet and the encounter with other particles are neglected. The purpose of the present paper is to find the effect of such a gas drag force on the motion of a solid body which ranges from a small dust grain to a large planetesimal. The results have been incorporated into our recent theory of planetary formation,<) the detail of which will be described in another paper.
In old times, in a case of a static medium the short-term effects of the gas friction on the motion of the planets were studied by Tisserand (1896) . 5 ) More recently, the effect of a rotating nebula on the elliptic orbits of the planets has been examined by Kiang (1962) .6) He studied a two-dimensional problem (i.e., with no inclination) for both the uniform rotation and the Keplerian rotation of the nebula, assuming a law of resistance written in the form F=ku 1 rm, where u is the relative velocity, r is the distance from the sun, and k, l and m are some constants. He obtained expressions for the time variations of a and e for the cases (l,m) =(1,0), (3,0), (1, -2) and (3, -2). However, no result is obtained for the case l = 2, which is most important to the planetary formation process mentioned above.
In this paper, we investigate a three-dimensional problem (including the vanation of the inclination) using a realistic law of resistance. We assume that the solar nebula is in circular motion and its rotational velocity is, generally, different from the Keplerian velocity because of the existence of some radial pressure gradient. Furthermore, we assume that the particle is a sphere and use realistic formulas for the gas drag force which depend generally on the particle size, the relative velocity and the condition of the gas, as will be discribed in § 3.
When the gas drag force is sufficiently small compared with the solar gravity as in the case of planetesimals, it can be treated as a small perturbation to the Keplerian motion. In such a case we have obtained expressions for the short-term variations of the orbital elements a, e and i, as will be described in § 4. On the other hand, in a case of dust grains where the gas drag force is so large that the eccentricities of their orbits would decrease in a time comparable to or less than the Keplerian period, the perturbation method mentioned above is no longer applicable. Then, by another method we have obtained expressions for approximate stationary motions, i.e., spiral motions towards the sun in the equatorial plane of the nebula. Recently, Whipplen has investigated the effects of a radial pressure gradient on the nearly circular motions of grains or planetesimals only in some extreme and simple cases. We, however, have dealt with the spiral motions in more general cases, as will be described in § 5. In the extreme cases our results are in complete agreement with those obtained by Whipple.
The basic equations for the variation of the elements a, e and i are given in § 2. The gas motion and the law of the gas drag force will be described in § 3. In § 4 we shall obtain approximate formulas for the time variations of a, e and i of an elliptic orbit of a planetesimal in the first order perturbation. In § 5
other approximate solutions will be obtained for a spiral orbit of a grain and a planetesimal. § 2. Basic equations
The equation of motion of a particle (a dust grain or a planetesimal) in the solar nebula under the influence of the solar gravity and the gas friction is written in a heliocentric system as (2 ·1) where R, 5!1 and F are the position vector of the particle, the solar mass and the gas drag force per unit mass of the particle, respectively. Let (x, y, z) be a rectangular coordinate system whose z-axis and (x, y) plane coincide with the axis of rotation and the equatorial plane of the nebula, respectively, and also let (r, (}, z) be a corresponding system of cylindrical coordinates.
When F is negligibly small compared with the solar gravity, the particle is in Keplerian motion and its coordinates x, y, z and velocity components .::i:, y, z are expressed in terms of time t and six constants of integration, respectively. For these constants of integration we here take the orbital elements: the semi-major axis a, the eccentricity e, the inclination i, the longitude of the ascending node !2, the argument of the perihelion w and the time of perihelion passage to.
Let ( ~' r;, () be an orbital system of rectangular coordinates, the ~-axis being directed to the perihelion, and let (R, cf;, () be the corresponding system of cylindrical coordinates (see Fig. 2 ). Then, we have 8 ) R=a(1-e cos E)=~ ::::-e y (x, y, z) and heliocentric orbital coordinates (~, 1J, r;). The points N, A and P denote the ascending node, the perihelion and the present position of a particle, respectively. The elliptic orbit of the particle is in the (~, 1J) plane.
where ~ and E are known as the "true anomaly" and the "eccentric anomaly", respectively. The latter is defined by Kepler's equation
where n= (G5'rlja 3 ) 112 is the mean angular velocity of the particle. When a small perturbation F is included, these orbital elements are no longer constant and vary slowly with time t. Let FR be the component of F in the direction of the instantaneous radial vector, let F.p be the component perpendicular to the radial vector in the orbital plane and let F< be the component perpendicular to the orbital plane. Then, the variations of the elements a, e and i are given bl>
For the phase elements !2, w and t 0 similar equations can be obtained, but they need not be considered for the present problem. Of course, Eqs. (2 · 5) hold exactly if we take the instantaneous values of the orbital elements (i.e., the so-called osculating elements) on the right-hand side of Eqs. (2 · 5). However, in a case of small perturbation Eqs. (2 · 5) can be solved by the usual iterative method as will be described in § 4.
On the other hand, in the case where the gas drag force is comparable to the solar gravity, it is convenient to return to Eq. (2 ·1) and seek for a different method of approximations, as will be described in § 5, rather than to solve Eqs. In this section we investigate the gas motion in the solar nebula and the law of resistance in order to obtain an explicit expression for the drag force F in Eq. (2·1) or Eqs. (2·5).
The gas motion
We assume that m the solar nebula there are neither turbulent motions nor la'rge scale circulations and that the nebula is rotating in circular motion around the sun. There may generally exist some radial gradient of gas pressure in the nebula, and accordingly, the angular velocity of the gas, Wg, may differ slightly from the Keplerian angular velocity WK ( = ( G3'rl / r 3 Y 12 ) of a solid body. The balance of forces in the radial direction is written as 2 2 1 dP
where p and P are the gas density and the gas pressure, respectively. Furthermore, we assume that the gas is ideal and has the radial dependences (but has no z-dependence at all) on density and temperature which are expressed in the form (3 ·2) where a and (3 are some constants of the order of unity. Under these assumptions, Eq. (3 ·1) is written as Here r; (r) is a small quantity depending on the radial pressure gradient, which is written in the form r;(r) =_E_(a+e) ( cm)2, 
The law of the gas drag force
The gas drag force on a particle moving m a res1stmg medium is expressed m considerably different forms depending on the shape, the size and the velocity of the particle, and also on the condition of the gas. In a case of a spherical body, the drag force is in a direction opposite to the particle velocity and its magnitude fD can generally be expressed in the form 91 fD=~CDrrr/pu 2 , (3. 5) where rP and u are the particle radius and the relative velocity, respectively, and CD is the non-dimensional drag coefficient. In general, CD is a function of any two of three non-dimensional quantities; the Mach number M ( = u/ c, c being the sound velocity), the Knudsen number K (=l/rP, l being the mean free path of gas molecules) and the Reynolds number R, (=2purp//L, /L being the viscosity).* 1 However, in each of the following limiting cases CD has a rather simple form. ( 3· 9) and we have* Now, considering that the gas is composed mainly of hydrogen molecules, we adopt 2 X 10-15 cm 2 for the collisional cross section between two molecules and 3g/cm 3 for the solid density of the particle throughout this paper. Then, as functions of the gas density p and the particle mass m, we can express l, rP and K as 
where we have used a value r=7 /5 for the ratio of the specific heats. Using the above relations, we can draw the R,-M diagram, as shown in Fig. 4 , which is divided into four regions where the formulas for cases (1), (2a), (2b) and (2c) are valid, respectively.
In Fig. 4 , the curves of constant CD are plotted and also the region occupied by planetesimals with mass in the range between 10 18 and 10 24 g is denoted by the shadow. This shaded region has been determined in the following way. The relative velocity u between a planetesimal and the gas is given by Eq. ( 4 · 9) from which, by putting i = 0 for simplicity, we have The Gas Drag Effect on the Elliptic Motion (for e<r;) (for e>r;) (3 ·13) Then, the Mach number is approximately in the range 0.05<M<5 and according to Eq. (3 ·11), the Knudsen number is in the range 4 X 10-9 ;S;K;S;4 X 10-5 for the gas density in the range 1 X 10-10 <p<1 X 10-8 g/cm 3 • Now, by means of Eqs. (3 ·11) and (3 ·12) the Re-M diagrams is transformed into the p-m diagram (the gas density-particle mass diagram) in Fig. 6 where the regions for cases (2a) ~ (2c) are also shown.
From Figs. 4 and 6 it is found that for planetesimals greater than 10 18 g the drag coefficient Cn is in a narrow range between 0.5 and 1.5 so that the drag force fn is nearly proportional to u 2 • On the other hand, for smaller particles or lower gas density (consequently, for smaller Reynolds number), fn is given by Eq. (3 · 8) in case (2b) or by Eq. (3 ·10) in case (2c) and it is proportional to u in both cases.
§ 4. Mean variations of a, e and i
In this section we shall calculate the time variations of a, e and i for particles greater than, say, 10 18 g. As mentioned in § 3, for these large particles the drag force per unit mass is expressed in the form (4·1) with 0.5<Cn<l.5. In the following we assume that A is a constant. where n/2-.s is the angle between the 8-and if;-directions (see Fig. 2 ). From the formulas in spherical geometry for the rectangular triangle NPQ in Fig. 2 
In the above, we have used the abbreviation YJ=YJ(a), and in Eq. (4·9) we have also written the terms in the lowest order of e, i and 'f/. f When the gas drag force is much smaller than the solar gravity, the variations of a, e and i in one period of orbital motion are very small. Hence, assuming that all the orbital elements a, e, i and (}) are constant within the Keplerian period T K, we consider the rates of change of the elements which are averaged over one period, that is Ida) 4 ·10) and obtain the greatest leading terms for each of the limiting cases, (i) e pi, IJ, (ii) i):>e, 1J and (iii) 1J ):>e, i. Then, adding these leading terms,*' we finally obtain the approximate formulas which hold in general cases,**' i.e., *' We have retained the e'-and i'-terms in Eq. (4·11) because they are the greatest terms for the case e, i>1J 1 ~I!!!____) = -( 2 E e + }:_i + r; +higher-order terms), e \ dt n n r_o I di ) = _ _!_ ( 2 E e + ~i + r; +higher-order terms),
where r0 is the characteristic time-scale given by where m, a and p are in c.g.s. units, T K is the Keplerian period and we have adopted 3 g/ cm 3 for the density of a solid body. It is found from Eq. ( 4·15) that the relative variation of a is a small quantity of the order of r; + e 2 + i 2 as compared to that of e or i. Thus, in general, an elliptic orbit with inclination gradually changes to a circular orbit without inclination. The larger the eccentricity or the inclination of the orbit is, the faster is the decrease of the semi-major axis. Furthermore, even if the eccentricity and the inclination are both zero, the semi-major axis decreases owing to the term proportional to 1j 2 , i.e., the term due to the radial pressure gradient.
The perturbation method used in the above derivation is valid only when the relative variations of a, e and i within one Keplerian period are much smaller than unity. Thus, the criterion for the validity of Eq. ( 4 ·15) is approximately given by (4·17)
It will be found from Eq. ( 4 ·16) that the above condition ( 4 ·17) is satisfied for most of planetesimals greater than 10 18 g.
In cases (2b) and (2c) in § 3 where the gas drag force is expressed in the form F=B p"T 11 u (B, A and J1 being constants), the calculations of <da/dt), etc., are much simpler than in the above case F= Apu 2 since the term u on the righthand side of Eqs. ( 4 · 7) does not appear. Retaining again the leading terms alone, we have (4 ·18) It is to be noticed that, as compared to Eqs. ( 4 ·15), a factor nearly equal to
e+i+'iJC=<u)fvK(a)) is missing in Eqs. (4·18).
In view of the above results, we can somewhat simplify the calculations of <da/dt), etc., in the case F=Apu 2 by means of the approximation and thus, in a certain period of time they will become sufficiently small, say, as small as the value of r;. Afterwards, the particle will be in nearly circular, spiral motion with a very gradual decrease of its orbital radius. In this section, we shall consider such a quasi-stationary spiral motion and calculate the decay time of the radius which will generally depend on the particle mass and the gas density.
We consider the motion of a particle in the equatorial plane alone. Then, in the heliocentric polar coordinates (r, fJ), Eqs. (2 ·1) are written in the form
where v, and v 8 are the velocity components and the relative velocity u is given by
Now we put solutions x, y and z. As shown in Fig.   5 , JxJ takes the maximum value (=1) at g=l. For g<1 we have y<1/2 and the particle velocity Vu is nearer to the Keplerian velocity VK than to the gas velocity rwg=vK (1-1}) , and the reverse is true for g>L Thus, the result of the perturbation in § 4, which is represented by the dotted line x = -2g in Fig. 5 , is valid only in the case g<1, as will be described below.
As described in § 3, the law of the gas drag force is expressed in the general form F=F(u; m, p) where the parameters m and p denote the particle mass and the gas density, respectively. Then, according to Eq. (5 · 7) we have the expression g=g(z; m, p, r), and by solving Eq. (5·10) with respect to g, we can obtain, in principle, the final solution. As to the gas drag force, in the following we shall consider two cases (1) and (2) where F is proportional to u and u 2 , respectively.
(1) F=F1u It is found from Eq. (5·7) that g is a constant independent of z, i.e., It is to be noticed that the perturbation formula in § 4 is valid in the regions above the curve g = 1.
Now the decay time of the spiral orbit is defined by
This decay time has the minimum value T K/2Tr'7 ( = 80 years for r = 1 a. u. and f7=2X10-3 ) at x=1 or g=1. It will be found from Eqs. (3·8), (3·11) and (3 ·12) that, in the range of the gas density where Stokes' formula is valid (see region (2b) in Fig. 6 ), g = 1 corresponds to the particle mass (5 ·17) where m, r and T are all expressed in c.g.s. units. In Fig. 7 , the decay time -r for r=l a.u., T=230 K and r;=2X10-3 is plotted as a function of the particle mass m for the gas densities p = 10-12 , 10-10 and lo-s g/cm 3 • As seen in Figs. 6 and 7, for 10-10 < p<lo-s g/cm 3 particles greater than 10 10 g are nearly in Keplerian motion and their decay time is very long because of small drag force. On the contrary, particles smaller than 1 g move closely together with the gas and their decay time is very long, too.
For particles in the mass range between 10 3 and 10 8 g, the gas drag force has the greatest effect on their motion and the decay time of the orbits is as short as 10 2 or 10 3 years.
Finally, two remarks will be made on the validity of the solutions obtained in the above. First, the instantaneous value of the eccentricity is, in general, given by (5·18) For the spiral orbit under consideration, we have from Eqs. (5·3), (5·6) and (5·9) (5 ·19) where the second-order terms in r; have been neglected. Then, the solutions of the spiral orbit obtained in this section are valid after the eccentricity has decreased to the value given by Eq. (5 ·19) if the initial eccentricity was greater. Second, it is found from Eqs. (5 · 6), (5 · 9), (5 ·11), (5 ·13) and (5 ·16) that, in the order of magnitude, we have the following relations for both cases (1) and (2) 
